Abstract. Galois connection in category theory palys an important role in establish the relationships between different spatial structures. In this paper, we prove that there exist many interesting Galois connections between the category of Alexandroff L-fuzzy topological spaces and the category of reflexive L-fuzzy relations.
Introduction
Hájek [8] introduced a complete residuated lattice which is an algebraic structure for many valued logic. Bělohlávek [2] investigated information systems and decision rules over complete residuated lattices. Hence residuated lattices and their generalizations are the main structures of truth degree used in many-valued logic [4, 28, 33] . Höhle [12] introduced L-fuzzy topologies with algebraic structure L (cqm, quantales, MV -algebra). It has developed in many directions [3, 5, 6, 7, 18] .
Preliminaries
Throughout this paper, L denotes a complete lattice. The greatest element of L is denoted by and the least element of L is denoted by ⊥. For A ⊆ L, we write A for the least upper bound of A and A of A for the greatest lower bound of A. Specifically, L = and L = ⊥ are respectively the universal upper and the universal lower bounds in L. We assume that = ⊥, i.e. L has at least two elements. (1) (L, ≤, ∨, ∧, ⊥, ) is a complete lattice with the greatest element and the least element
An operator * : L → L defined by a * = a → ⊥ is called a strong negation if a * * = a.
In this paper, we assume that (L, ≤, ) is a complete residuated lattice unless otherwise specified.
Some basic properties of the binary operation and residuated operation → are collected in the following lemma, and they can be found in many works. Lemma 2.2. [2, 4, 8, 33] Let L be a complete residuated lattice. Then the following properties hold for each x, y, z, x i , y i ∈ L,
(4) x ( i∈Γ y i ) = i∈Γ (x y i ) and ( i∈Γ x i ) y = i∈Γ (x i y).
(5) x → ( i∈Γ y i ) = i∈Γ (x → y i ) and ( i∈Γ x i ) → y = i∈Γ (x i → y).
(6) i∈Γ (x i → y) ≤ ( i∈Γ x i ) → y and i∈Γ (x → y i ) ≤ x → ( i∈Γ y i ).
If the strong negation law is done, then L satisfies moreover (12) i∈Γ x * i = ( i∈Γ x i ) * and i∈Γ x * i = ( i∈Γ x i ) * . (13) x → y = y * → x * and x y = (x → y * ) * .
An L-subset on a set X is a mapping from X to L, and the family of all L-subsets on X will be denoted by
An L-fuzzy relation on X is called an L-fuzzy preorder if it is reflexive and transitive. And an L-fuzzy equivalence relation if it is reflexive,symmetric and transitive.
There exists an inherent L-order S on L X defined by
The lemma below collects some properties of S used in this paper.
, and α ∈ L. Then the following properties hold.
) and the equalities hold if ϕ is bijective. (1) (F, G) is called a Galois correspondence between C and D if for each Y ∈ C , id Y :
(2) The categories C and D are said to be isomorphic if
X if it satisfies the following conditions:
Alexandroff L-fuzzy topological spaces and reflexive L-fuzzy relations
We devote this section to the categorical aspect of the relationship between Alexandroff Lfuzzy topological spaces and reflexive L-fuzzy relations.
Theorem 3.1. Let (X, T X ) be an Alexandroff L-fuzzy topological space. Define a mapping
is an order preserving mapping.
i.e., R T is reflexive.
(2) For any x, z ∈ X,
The above theorem shows that Γ : AFTop → RFR is a concrete functor with
is continuous.
Proof.
(1)
(2) For any λ ∈ L Y , by Theorem 3.1(2),
(3) For any x, y ∈ X,
Theorem 3.7 Let (X, T ) be an Alexandroff L-fuzzy topological space. Define a mapping
upper approximation mapping.
(3) For any x, y ∈ X, 
